To elucidate the origin of spin structure-driven anomalous Hall effect (AHE) in pyrochlore compounds, we construct the t2g-orbital kagome lattice model and analyze the anomalous Hall conductivity (AHC). We reveal that a conduction electron acquires a Berry phase due to the complex d-orbital wavefunction in the presence of spin-orbit interaction. This "orbital Aharonov-Bohm (AB) effect" produces the AHC that is drastically changed in the presence of non-collinear spin structure. In both ferromagnetic compound Nd2Mo2O7 and paramagnetic compound Pr2Ir2O7, the AHC given by the orbital AB effect totally dominates the spin chirality mechanism, and succeeds in explaining the experimental relation between the spin structure and the AHC. Especially, "finite AHC in the absence of magnetization" observed in Pr2Ir2O7 can be explained in terms of the orbital mechanism by assuming small magnetic order of Ir 5d-electrons.
I. INTRODUCTION
Recently, theory of intrinsic anomalous Hall effect (AHE) in multiband ferromagnetic metals has been developed intensively from the original work by Karplus and Luttinger (KL) [1] . The anomalous Hall conductivity (AHC) σ AH ≡ j x /E y due to intrinsic AHE shows the almost material-specific value that is independent of the relaxation time. The intrinsic AHE in heavy fermion compounds [2] , Fe [3] , and Ru-oxides [4] [5] [6] had been studied intensively based on realistic multiband models. Also, large spin Hall effect (SHE) observed in Pt and other paramagnetic transition metals [7] , which is analog to the AHE in ferromagnets, is also reproduced well in terms of the intrinsic Hall effect [8] [9] [10] . The intrinsic AHE and SHE in transition metals originate from the Berry phase given by the d-orbital angular momentum induced by the spin-orbit interaction (SOI), which we call the "orbital Aharonov-Bohm (AB) effect" [11] .
In particular, AHE due to nontrivial spin structure attracts increasing attention, such as Mn oxides [12] and spin glass systems [13] . The most famous example would be the pyrochlore compound Nd 2 Mo 2 O 7 [14] [15] [16] [17] . Here, Mo 4d electrons are in the ferromagnetic state below T c = 93K, and the tilted ferromagnetic state in Fig. 1 is realized by the non-coplanar Nd 4f magnetic order below T N ≈ 30K, due to the d-f exchange interaction. Below T N , the AHC is drastically changed by the small change in the tilting angle θ of Mo spin; 2 < 10 −3 in the neutron-diffraction study [16] . This behavior strongly deviates from the KL-type conventional behavior σ AH ∝ M z ∝ 1 − 1 2 θ 2 . Moreover, the AHC given by the spin chirality mechanism [19, 20] , which is proportional to the solid angle s A · (s B × s C ) ∝ θ 2 subtended by three spins, is also too small to explain experiments. Moreover, θ 2 takes the minimum value under H ∼ 3 Tesla according to the neutron-diffraction study [16] , whereas the AHC monotonically decreases with H. Thus, the origin of the unconventional AHE in Nd 2 Mo 2 O 7 had been an open problem for a long time.
Very recently, this problem was revisited by the present authors by considering the d-orbital degree of freedom and the atomic SOI [21] , and found that a drastic spin structure-driven AHE emerges due to the orbital AB effect, in the presence of non-collinear spin order. Since the obtained AHC is linear in θ, it is much larger than the spin chirality term for |θ| ≪ 1. In Ref. [21] , we constructed the t 2g orbital kagome lattice model based on the spinel structure (XMo 2 O 4 ): Although Mo atoms in XMo 2 O 4 and X 2 Mo 2 O 7 are equivalent in position and forms the pyrochlore lattice, positions of O atoms in X 2 Mo 2 O 7 are much complicated.
In this paper, we construct the t 2g kagome lattice tightbiding model based on the pyrochlore structure, by taking the crystalline electric field into account. We find that the orbital AB effect causes large θ-linear AHC, resulting from the combination of the non-collinear spin order (including orders with zero scalar chirality) and atomic SOI. The realized AHC is much larger than the spin chirality term due to non-coplanar spin order, and it explains the salient features of spin structure-driven AHE in Nd 2 Mo 2 O 7 . We also study another pyrochlore compound Pr 2 Ir 2 O 7 , and find that the orbital AB effect also gives the dominant contribution: We show that important features of the unconventional AHE in Pr 2 Ir 2 O 7 , such as highly non-monotonic field dependence and residual AHC in the absence of magnetization, are well reproduced by the orbital AB effect. The paper is organized as follows: In Sec. II, we introduce the pyrochlore-type t 2g orbital tight-binding model and the Hamiltonian. We give the general expressions for the intrinsic AHC in Sec. III, and explain the orbital Aharonov-Bohm effect in Sec. IV. The numerical results for Nd 2 Mo 2 O 7 and Pr 2 Ir 2 O 7 are presented in Sec. V and VI, respectively. In Sec. VII, we make comparison between theory and experiment.
II. MODEL AND HAMILTONIAN
First, we introduce the crystal structure of the pyrochlore oxide A 2 B 2 O 7 : It has the face centered cubic structure, in which two individual 3-dimensional networks of the corner-sharing A 4 and B 4 tetrahedron are formed. In this paper, we mainly discuss the AHE in Nd 2 Mo 2 O 7 , and Pr 2 Ir 2 O 7 is also discussed in section VI. Fig.  3 . We also choose the (xyz) B -and (xyz) C -coordinates in the same way.
Moreover, we introduce the XY Z-coordinate on the kagome layer shown in Fig. 4(b) . We choose X axis as Mo A →Mo B direction and Y axis is perpendicular to X axis on the kagome layer. A vector (n x , n y ,
where the coordinate transformation matrixÔ Ξ is given byÔ
Arrows in Fig. 4(a) represents the local effective magnetic field at Mo sites, which is composed of the ferromagnetic exchange field for Mo 4d-electrons and the exchange field from Nd 4f electrons. Under the magnetic field parallel to [111] direction below T N , the direction of the local exchange fields at sites A, B and C in the XY Z-coordinate are (φ A = π/6, θ), (φ B = 5π/6, θ) and (φ C = −π/2, θ), respectively. In Nd 2 Mo 2 O 7 , the tilting angle θ changes from negative to positive as H increases from +0 Tesla, corresponding to the change in the spinice state at Nd sites [16, 23] . Now, we explain the Hamiltonian. The Hamiltonian for the t 2g -orbital kagome lattice model is given by
where c † is a creation operator for 4d-electron on Mo ions while the field h arises from the ordered Nd moments, which are treated as a static, classical background. (i, j), (α, β) and (σ, σ ′ ) represent the sites, t 2g -orbitals and spins, respectively. Hereafter, we denote the t 2g -orbitals (xy, yz, zx) as (1, 2, 3) for simplicity. The first term in eq. (2) describes electrons hopping. t iα,jβ is the hopping integrals between (i, α) and (j, β). The direct dd hopping integrals are given by the Slater-Koster (SK) parameters (ddσ), (ddπ) and (ddδ) [24] . In the present model, however, SK parameter table given in Ref. [24] is not available since the d-orbitals at each site are described in the different coordinate as shown in Fig. 3 . In Appendix A, we will derive the hopping integral between the sites with different coordinates. The second term in eq. (2) represents the Zeeman term, where h i is the local exchange field at site i. µ e ≡ −2s is the magnetic moment of an electron. Here, we put µ B =1. The third term represents the SOI, where λ is the spin-orbit coupling constant, and l and s are the d-orbital and spin operators, respectively.
The Hamiltonian in Eq. (2) is rewritten in the momentum space as
where k summation is over the first Brillouin zone in Fig.  4(c) , and
whereĤ kαβ is a 6×6 matrix with respect to (Ξ, σ).
Here, we divide the Hamiltonian (3) into four parts:
where we added the crystalline electric field potential termĤ CEF αβ to Eq. (2). The kinetic termĤ t kαβ is given by
where p iα,jβ = 2t iα,jβ cos(k·a ij ) and a ij is a half Bravais vector in Fig. 4(b) .
The Zeeman termĤ
Ze αβ is given by [20] 
where h 0 =|h i |, and δ αβ is a Kronecker's delta. Now, we consider the SOI termĤ λ in Eq. (6). For convenience in calculating the AHC, we take the Z-axis for the spin quantization axis. Then, 2s = 2[s X , s Y , s Z ] is given by the Pauli matrix vector in the XY Z-coordinate. To derive theĤ λ αβ , however, we have to express the spin operator in the (xyz) Ξ -coordinate, which is given by the relationship (s
In the (xyz) Ξ -coordinate, the nonzero matrix elements of l are given as 3|l x |1 = 1|l y |2 = 2|l z |3 = i and their Hermite conjugates [10, 25] . Thus, the ma-
Thus, the 3-1 component of the third term in Eq. (6) becomeŝ
The 1-2 and 2-3 components are calculated in a similar way. The obtained results are given bŷ
Finally, we consider the crystalline electric field HamiltonianĤ CEF αβ , which describes the splitting of t 2g level into two levels a 1g (non-degeneracy) and e ′ g (two-fold degeneracy) by the trigonal deformation of MoO 6 octahedron. The crystalline electric field Hamiltonian in this case is given byĤ
The eigenvalues ofĤ CEF at each site are 2E 0 for a 1g state; |a 1g = 1 √ 3
(|xy + |yz + |zx ), and −E 0 for e ′ g states; |e
(|yz − |zx ) and |e
(2|xy − |yz − |zx ). Thus, the crystalline electric field splitting between a 1g and e ′ g is 3|E 0 |.
III. ANOMALOUS HALL CONDUCTIVITY
In this section, we propose the general expressions for the intrinsic AHC based on the linear-response theory. The Green function is given by a 18×18 matrix:
, where µ is the chemical potential. According to the linear response theory, the AHC is given by σ AH = σ I AH + σ II AH [26] :
Here,Ĝ
is the charge current, where −e is the electron charge. Since all the matrixĵ kµ is odd with respect to k, the current vertex correction due to local impurities vanishes identically [8, 10] . Thus, we can safely neglect the current vertex correction in calculating AHC in the present model. In the band-diagonal representation, eqs. (15) and (16) are transformed into θ at zero temperature. Here, l and m are the band indices, and we dropped the diagonal terms l = m since their contribution vanishes identically. We perform the numerical calculation for the AHC using Eqs. (17) and (18) 
IV. ORBITAL AHARONOV-BOHM EFFECT
Before proceeding to the numerical calculation for the AHE, we present an intuitive explanation for the unconventional AHE induced by the non-collinear local exchange field h i . For this purpose, we assume the strong coupling limit where the Zeeman energy is much larger than the kinetic energy and the SOI [21] . The t 2g energy levels are split into the two triply-degenerate states by the Zeeman effect, as shown in Fig. 5 . Its eigenstate for −h 0 /2 are given by
where α = xy, yz, zx. In addition, we assume the SOI is much larger than the kinetic energy. Since µ e = −2s, the SOI term at site i is replaced with (−λ/2)l·n i , where
Its eigenenergies in the t 2g space are 0 and ±λ/2, as shown in Fig. 5 . The corresponding eigenstates are given by [21] |n 0 = n z |xy + n x |yz + n y |zx , (20a)
where n = (n x , n y , n z ) Ξ in the (xyz) Ξ -coordinate is given by [sin θ cos φ, sin θ cos φ, cos θ]Ô Ξ . In the complex wavefunction |n − , the phase of each d-orbital within the θ-linear term is given in Table II . Here, we explain that the θ-dependence of the dorbital wavefunction |n − gives rise to a prominent spin structure-driven AHE [21] . Figure 6 shows the motion of an electron: (a) moving from |B; yz to |C; zx , (b) transferring form |C; zx to |C; yz at the same site, and (c) moving from |C; yz to |A; zx . Here, we assume that the electron is in the eigenstate |n − at each site. The total orbital phase factor for the triangle path along A → B → C → A is given by the phase of the following amplitude:
whereĤ t is the kinetic term in the Hamiltonian. For simplicity, we take only the following largest hopping t = A; zx|Ĥ t |B; yz = B; zx|Ĥ t |C; yz = C; zx|Ĥ t |A; yz , and assume that t is real. Considering that |Ξ; n − Ξ; n − | ∋ |Ξ; yz Ξ; zx| 
where Φ 0 = 2π /|e| is the flux quantum, and 2πΦ orb /Φ 0 = 3Φ 0 zx + (9/13) 3/2θ is "the effective AB phase" induced by the complex d-orbital wavefunction. The large θ-linear term in Φ orb gives rise to the large spin structure-driven AHE in Nd 2 Mo 2 O 7 .
Note that B; n − |Ĥ t |A; n ′ − is not actually a real number if n = n ′ , since the rotation of the spin axis induces the phase factor; see Eq. (19) . This fact gives rise to the effective flux due to the spin rotation Φ spin ; −4πΦ spin is given by the solid angle subtended by n A , n B and n C [19] . Thus, the total flux is given by Φ tot = Φ orb + Φ spin . However, Φ spin ∝ θ 2 is negligible for |θ| ≪ 1 [21] . Since all the upward and downward ABC triangles in the kagome lattice are penetrated by Φ tot ≈ Φ orb , the orbital AB effect induces prominent spin structure-driven AHE in Nd 2 Mo 2 O 7 .
V. NUMERICAL STUDY
In this section, we perform numerical calculation for the AHC using Eqs. (17) and (18), using realistic model parameters. We use two SK parameters between the nearest neighbor Mo sites as SK(−1.0, 0.6, −0.1) and SK(−1.0, 0.4, −0.1) where we represent the set of SK parameters as SK((ddσ), (ddπ), (ddδ)). Hereafter, we put the unit of energy |(ddσ)| = 1, which corresponds to 2000K in real compound. The spin-orbit coupling constant for Mo 4d is λ = 0.5 [10] . The number of electrons per unit cell is N = 6 (1/3-filling) for Nd 2 Mo 2 O 7 since the valence of Mo ion is 4+. We choose |h i | to reproduce the magnetization of Mo ion 1.3µ B in Nd 2 Mo 2 O 7 [16] . Figure 7 shows the total and partial density of states (DOS) for SK(−1.0, 0.6, −0.1) at (a) E 0 = 0 and (b) E 0 = −2, with the damping rate γ = 0.05. For E 0 = 0 (E 0 = −2) we set |h i | = 0.8 (|h i | = 3.0) to reproduce the magnetization of Mo ion 1.3µ B [16] . The crystalline electric field splitting for E 0 = −2 in Fig. 7 (b) corresponds to 3|E 0 | ∼ 1eV, consistently with the band calculation [27] . In both cases, the states |a 1g ↓ and |e Here, we present the numerical results of the AHC for two SK parameter sets; SK(−1.0, 0.6, −0.1) and SK(−1.0, 0.4, −0.1). We set (E 0 , |h i |) = (−2, 3.0) or (0, 0.8); each parameter set reproduces the magnetization of Mo ion 1.3µ B [16] . We also put the damping rate γ = 0.001 (clean limit) unless otherwise noted. Hereafter, the unit of the conductivity is e 2 /ha, where h is the Plank constant and a is the lattice constant. If we assume a = 4Å, e 2 /ha ≈ 10 3 Ω −1 cm −1 . In the numerical study, we use 512 2 k-meshes. Figure 10 shows the obtained AHC for SK(−1.0, 0.6, −0.1) at θ = 0 and ±3
• , for (a) a wide range of µ (N = 4.8 − 12) and (b) a narrow range of µ (N = 5.0−6.7). Since the present spin structure-driven AHE is linear in θ, a very small θ causes a prominent change in the AHC although the Fermi surfaces are hardly changed (see Fig. 9 ). The µ-dependence of the AHC for other SK parameter SK(−1.0, 0.4, −0.1) is shown by Fig. 11 for N = 4.8 − 6.6. A remarkable change of the AHC is also caused by small change in θ. Therefore, large θ-linear term in the AHC is obtained by using general SK parameters.
The finite AHC at θ = 0 is nothing but the conven- tional KL-term. However, obtained θ-linear AHC deviates from the conventional KL-term that is proportional to the magnetization M z ∝ θ 2 . We stress that the large θ-linear term in Figs. 10 and 11 cannot be simply understood as the movement of Dirac points (or band crossing points) across the Fermi level, since the change in the band structure by θ = ±3
• is very tiny as recognized in Fig. 9 . Thus, the origin of the θ-linear term should be ascribed to the orbital AB phase [21] discussed in Sec. IV. Next, we discuss the γ-dependence of the AHC. As γ increases from 0.001, spike-like fine structure in Figs. 10 and 11 becomes moderate as recognized in Ref. [21] . Moreover, the intrinsic AHC shows a crossover behavior, that is, the AHC starts to decrease when γ exceeds the band-splitting ∆, proved by using tight-binding models [2, 6, 28] or local orbitals approach [28] . Figure 12 shows the γ-dependence of the AHC in the present model. Line (i) represents the total AHC for θ = 0; σ AH (θ = 0), and line (ii) represents the variation of the AHC from θ = −3
• to 3
We also calculate the AHC for λ = 0, which represents the spin chirality driven AHC σ • due to the orbital mechanism is 100 times larger than the spin chirality term in the clean limit. Note that the intrinsic AHC follows an approximate scaling relation σ AH ∝ ρ 2 [2, 6, 28] in the "high-resistivity regime". In Fig. 12 , we see that |σ AH (3 Next, we analyze the overall θ-dependence of the AHC, by ignoring the experimental condition |θ| ≪ 1. Figure  13 shows the AHCs as functions of θ. Solid and dashed lines represent the AHCs for E 0 = 0 and −2, respectively. They have large θ-linear terms for θ ∼ 0, and they take finite values even if θ = ±π/2 (coplanar order). Note that obtained θ-dependence of the AHC is insensitive to the value of E 0 . The AHCs for θ = 0 corresponds to the conventional KL-type AHE. Dotted line in Fig. 13 shows the AHC for λ = 0, which gives the spin chirality term σ spin AH . It is proportional to θ 2 for small θ, and becomes zero when θ = ±π/2. Finally, we analyze the θ-dependence of the AHC more in detail for |θ| ≤ 3
• in Fig. 14. In the case of SK(−1, 0.4, −0.1), the AHC for λ = 0.5 changes the sign at θ ∼ 2
• due to the orbital AB effect, and it is more that 100 times larger than the AHC for the spin chirality term (λ = 0).
VI. Pr2Ir2O7
In the previous section, we discussed the unconventional AHE in the pyrochlore Nd [111] , the non-coplanar structure of Pr Ising moments are expected to change from "2in 2out"(H ∼ 0.7Tesla) to "3in 1out"(H > 0.7Tesla). The AHC increases in proportion to the magnetization with field from 0 to 0.7 Tesla, whereas it rapidly decreases as the spins of Pr tetrahedron change from "2in 2out" to "3in 1out" for H > 0.7Tesla.
On Ir sites in Pr 2 Ir 2 O 7 , the tilted ferromagnet state shown in Fig. 1 is also realized. In Pr 2 Ir 2 O 7 , however, the ferromagnetic exchange interaction is absent, and the local exchange field h i on Ir ion is composed of only the exchange field from the Pr moment; ∼ J df . Since h i is parallel to the sum of the nearest Pr momenta, θ of Ir spin is much larger than the θ of Mo spin in Nd 2 Mo 2 O 7 . Therefore, the tilted ferromagnetic state with large θ and small |h i | is realized in Pr 2 Ir 2 O 7 . Now, we explain the local exchange field on Ir sites given by Pr tetrahedron. Details of the derivation of these local exchange field are presented in Appendix B. In the strong magnetic field along [111] (> > 0.7Tesla), the spins of Pr tetrahedron have "3in 1out" structure, and the realized local exchange fields at Ir sites are (φ A , φ B , φ C ) = (−5π/6, −π/6, π/2) and θ = 29.5
• in Fig.  15 . We denote this Ir spin structure as [3 ↓ 1 ↑]. In this section, we promise that 0 ≤ θ ≤ π and −π ≤ φ ≤ π. In the intermediate field (∼ 0.7Tesla), the spin of Pr tetrahedron can take three types of "2in 2out" structures with negative Zeeman energy. If we take one "2in 2out" structure among three, the exchange fields at Ir sites are (φ A , φ B , φ C ) = (2π/3, π/3, π/2), θ A,B = 58.5
• , and θ C = 29.5
• in Fig. 15 . We denote this Ir spin structure as [2 ↓ 2 ↑]. In real compounds, domain structures of three "2in 2out" structures are expected to be formed, and the total magnetization is parallel to Z-axis. The total AHC will be insensitive to the domain structure since σ AH 's due to three [2 ↓ 2 ↑] structures are equivalent. If we take average of three "2in 2out" structures, the local exchange fields belongs to the 120
• -structure with θ = 14.4
• , as shown in Fig. 15 . We denote this Ir spin structure as [2 ↓ 2 ↑]. As a result, the Ir spin structure changes as [ 
with increasing the field from ∼0.7 Tesla gradually.
Here, we perform the numerical calculation for Pr 2 Ir 2 O 7 . We put the atomic SOI as λ = 3000K, which is slightly smaller than the atomic value for Ir [10] . The number of electrons per unit cell is N = 15 for Pr 2 Ir 2 O 7 . We set |h i | = 20K since |h i | ∼ J df is estimated to be larger than 14K experimentally [29] . We also put the damping rate γ = 0.001 (clean limit). Figure 16 
FIG. 15:
The spin configurations in Pr tetrahedron are shown in the first line. Three "2in 2out" states are realized under H 0.7 Tesla, and one "3in 1out" state is realized under the higher field. These Pr spin configurations induce the local exchange fields at Ir sites as shown in the last line. In the 120
• -structure, (φA, φB, φC) = (−5π/6, −π/6, π/2). In the 30
• -structure, (φA, φB, φC) = (2π/3, π/3, π/2).
Each line represents the AHC for the 120
• -structure in In Fig. 16 (b) , we put SK(−1.0, 0.6, −x) with x = 0.3, 0.4 and 0.5. Although the KL term at θ = 0 decreases from negative to positive with x, the overall θ-dependence of the AHC is not very sensitive to x.
Recently, Ref. [30] reports that the AHC in Pr 2 Ir 2 O 7 shows a hysteresis behavior under the magnetic field below T H ≈ 1K. That is, the AHC shows the "residual AHE with zero magnetization" in Pr 2 Ir 2 O 7 . In terms of the spin chirality mechanism, the authors claimed the existence of a long-period magnetic (or chirality) order of Pr sites with 12 original unit cells [30] . However, there is no theoretical justification for this complex state. Even if it is justified, the origin of the hysteresis behavior is unclear. In addition, the magnetic susceptibility χ s ≈ χ We stress that small amount of impurities could induce the magnetic order in the vicinity of magnetic quantum-critical-point [32] . 
where S i is the i-th Ir spin, and the positive J (∼ T Ir N ) is the antiferromagnetic interaction between Ir spins. When J ≪ |h i |, then S i is parallel to h i . When J ≫ |h i |, we have to find the spin configuration to minimize eq. (23) under the constraint
Under the exchange field by one of '2in 2out" Pr order, the obtained Ir spin structure for J ≫ |h i | is shown in Fig. 16 . For J ≫ |h i | under H = +0 Tesla, the Ir spin structure is changed to the 120
• -structure with θ = 70.5
• in Fig. 15 (c) , which we denote [2 ↓ 2 ↑] H→+0 structure. The obtained AHC under this spin structure is −0.006, as denoted in Fig. 15 (a) : The experimental residual AHC is smaller, since the Ir ordered moment is expected to be smaller experimentally. The AHC is reversed under H = −0 Tesla since the Ir spin structure is reversed. As a result, we can naturally explain the "hysteresis behavior of the AHC" below T H ∼ 1 K reported in Ref. [30] . We stress that the spin chirality term is zero under the
Also, the Ir spins under the exchange field by the averaged "2in 2out" Pr order for J ≫ |h i | show the 120
• -structure in Fig. 15 with θ = 70.5
• : We denote this structure as [2 ↓ 2 ↑] H→+0 . The total magnetization is zero since the Ir spin on the apical site (not shown) is antiparallel to the Z-axis. In this case, we can also explain the "hysteresis behavior of the AHC" below T H ∼ 1 K. However, the sign of the AHC for [2 ↓ 2 ↑] H→+0 is different from that for [2 ↓ 2 ↑] under the positive H. [14] [15] [16] . In this equation, the first term represents the conventional AHE that is recognized as the KL mechanism. In contrast, the second term is highly unusual in that Nd electrons are totally localized; it represents the unconventional AHE due to the non-collinear spin configuration. As the magnetic field increases from 0 Tesla to 6 Tesla, M Nd Z increases from negative to positive. Since θ ∝ M Nd Z [21] , the second term corresponds to the θ-linear term given by the orbital AB effect. Moreover, the AHC for [2 ↓ 2 ↑] H→+0 in Fig. 16 is finite, irrespective of the absence of magnetization.
Next, we compare the present theory with experiments for Pr 2 Ir 2 O 7 [29] . Under the magnetic field along [111], the observed AHC increases in proportion to the magnetization with field from 0 Tesla, whereas it decrease with H above 0.7 Tesla as the spins of Pr tetrahedron start to change from "2in 2out" to "3in 1out". The peak value of AHC around 0.7 Tesla is 17Ω −1 cm −1 . The AHCs in Fig.  16 we put h i → 2h i . Thus, the variation of the AHC for Fig. 16 (a) can explain the experimental field dependence. The obtained AHC is mainly given by the orbital AB effect, and the spin chirality term is too small to reproduce experimental values.
B. Second-order-perturbation theory for spin structure-driven AHCs
Here, we discuss the spin structure-driven AHC based on the second-order-perturbation theory with respect to λ and h 0 . The present weak-coupling analysis together with the strong-coupling analysis in Sec. IV will provide us useful complementary understanding. Since their expressions in the present model are too complicated, we show only some examples of the the second order diagrams for the spin structure-driven AHCs in Fig. 17 : (a) σ orb AH due to the orbital mechanism, and (b) σ spin AH due to the spin chirality mechanism. In (a), the spin of conduction electron is flipped by x, y-components of the Zeeman term, h 0± s ∓ , and the SOI term, λl ± s ∓ , and the obtained SHC is σ orb AH ∼ h 0± λ/∆, where ∆ is the band splitting near the Fermi level. We stress that this term vanishes when C 2 rotational symmetry along Z-axis exists [21] : In the present model, the C 2 rotational symmetry of the simple kagome lattice in Fig. 4 (b) is violated by the existence of oxygen atoms. In Fig. 17 (b) , the spin is flipped by h 0± s ∓ twice, and it is given by σ 
2 ) since h 0 ∼ 10K and λ ∼ 3000K. In the present numerical study, however, σ AH is only 10 ∼ 20 times larger than σ spin AH , as shown in Fig. 16 . This discrepancy originates from the higher-order correction of large λ on the band-splitting ∆: In fact, σ orb AH starts to decrease for λ > 600K since ∆ increases with λ.
Finally, we comment that σ orb AH is not suppressed by large crystalline electric field. Sincel ±ŝ∓ mixes the states |a 1g , σ and |e ′ g , −σ , σ orb AH will be large if these two states occupy large portion of the DOS at the Fermi level. This situation is actually realized the presence of crystalline electric field, as shown in Fig. 7 (b) . For this reason, large θ-linear spin structure-driven AHE is realized for E 0 = −2.
C. Summary
In summary, we studied the AHE in the pyrochlore type t 2g -orbital model in the presence of non-collinear magnetic configurations and the crystalline electric field. Thanks to the SOI, the complex d-orbital wave function is modified by the tilting angle θ, and the resultant orbital AB phase gives large θ-linear AHC. This orbital term, σ orb AH , dominates the AHE in Nd 2 Mo 2 O 7 since the spin chirality term, σ spin AH , is proportional to θ 2 (≪ 1). The obtained numerical results are qualitatively equal to the results in Ref. [21] .
In Pr 2 Ir 2 O 7 , σ orb AH also dominates σ spin AH since the SOI for Ir 5d-electron (λ ∼ 3000K) is much larger than the d-f exchange interaction (J df ∼ 20K). In particular, the present orbital mechanism can explain the "hysteresis behavior of the AHC" or "residual AHC under zero magnetization" reported in Pr 2 Ir 2 O 7 below T H ≈ 1K, if we assume small magnetic order of Ir 5d-electrons at T H . In fact, the AHC under the Ir spin structure in Fig. 16 (c) , which would be realized below T Ir N under weak exchange field from "2in 2out" Pr order, is finite as shown in Fig.  16 (a) . The total AHC will be insensitive to the formation of domain structure with three "2in 2out" Pr orders in Fig. 15 , since σ AH 's due to three [2 ↓ 2 ↑] structures are equivalent. The AHC obtained in the present study is expected to give a major part of the AHC observed in three dimensional compounds, as discussed in Appendix C.
Since σ orb AH in the present model is nonzero unless n A ||n B ||n C , the realization condition for the orbital mechanism is just the "non-collinearity of the spin structure", which is much more general than that for σ spin AH . The orbital mechanism might be the origin of interesting spin structure-driven AHE in Fe 3 Sn 2 [33, 34] and PdCrO 2 [35] .
where Y m l is the spherical harmonics and A = 15/4π. We consider the coordinate transformation matrix O AB , which transforms (n x , n y , n z ) B in the (xyz) Bcoordinate into (n x , n y , n z ) A in the (xyz) A -coordinate as (n x , n y , n z ) AÔ AB = (n x , n y , n z ) B . It is given bŷ
SinceÔ BC andÔ CA are equivalent toÔ AB , we have to derive only the hopping integral between sites A and B. Using r
ll ′ where l, l ′ = x, y, z, the wavefunction for orbital β at site B can be expressed as linear combination of the wavefunction for orbital γ at site A. Thus, Therefore, the hopping integral t Bβ,Aα (R AB ) = Bβ, R B |H 0 |Aα, R A is given by
wheret Aγ,Aα (R AB ) = Aγ, R B |H 0 |Aα, R A is the usual hopping integral between the equivalent coordinates, which is given by the SK parameter table in Ref. [24] . Table I , and the center of the tetrahedron is located at (1/8, 1/8, 1/8).
Under the strong field along [111](> > 0.7Tesla), the spins of Pr tetrahedron form "3in 1out" structure. The spin configurations at A∼D are given by
In the intermediate field(∼ 0.7Tesla), the spins of Pr tetrahedron is expected to form three kinds of "2in 2out" structures which have negative Zeeman energy. First, we consider the case in which only one of three "2in 2out" structures is realized. We choose one of three "2in 2out" structures, which is obtained by inverting only P 3↓1↑ C in the "3in 1out" structure. That is, the configuration of the Pr spins in this "2in 2out" structure is given by P . We also consider another case where three "2in 2out" structure are averaged. Then, the Pr moments at sites A, B and C are given by 1/3 of the Pr moments in "3in 1out" structure. That is, the Pr spin in the averaged "2in 2out" structures is given by P
The effective magnetic fields at Ir sites are obtained by summing six Pr spins: Ir i atom is surrounded by two Pr j , two Pr k and two Pr l , where we represent {i, j, k, l} as a permutation of sites {A, B, C, D}. Therefore, the local exchange fields at Ir sites are given by
where J df is d-f exchange interaction. Hereafter, we assume J df > 0. We calculate the local exchange field h using above equation. The obtained results in each Pr structure are as follows: In the "3in 1out" structure case,
, Next, we rewrite the obtained h's in the XY Z-coordinate using [n X , n Y , n Z ] = (n x , n y , n z )Ô −1 , where the transformation matrixÔ −1 is given bŷ
In the "3in 1out" structure case, In spherical coordinates, the direction of the local exchange fields at site A, B and C are θ = 29.5
• and (φ A , φ B , φ C ) = (−5π/6, −π/6, π/2). In the "2in 2out" structure case, • and (φ A , φ B , φ C ) = (−5π/6, −π/6, π/2).
Appendix C: AHC in three dimensional compounds
In this paper, we have studied the AHE in the kagome lattice model, which represents the two-dimensional Mo or Ir network in the pyrochlore compounds. In the presence of "3in 1out" or "2in 2out" of Nd or Pr spin-ice order, it was shown that prominent spin structure-driven AHE are induced on the kagome lattice on the [ In this section, we shortly discuss the total AHC induced by four kagome lattices, assuming that these lattices are independent. Here, we put the magnetic field parallel to the [1, 1, 1] plane, which is given by the ABC plane in Fig. 4 (a) , and apply the electric field along Y axis. Then, the AHC due to the [1, 1, 1] plane, σ [1, 1, 1] AH , is given in the present study. Considering the relative angles and positions of other three kagome lattices, it is easy to show that the total AHC due to the electric field on the [1, 1, 1] plane is given by σ tot AH = σ First, we consider the AHC in Nd 2 Mo 2 O 7 . Under this 120
• structure of Ir spin (see Fig. 15 ), the effective magnetic flux due to the orbital AB effect is proportional to the tilting angle θ; Φ [1, 1, 1] = aθ. However, the orbital AB phase for other kagome layers are different. In the spinel-type kagome lattice studied in Ref. [21] , we can show that the effective magnetic flux for other layers are Φ AH .
Next, we consider the AHC of Pr 2 Ir 2 O 7 under [2 ↓ 2 ↑] H→+0 Ir spin structure, considering only the conventional KL term that is proportional to the perpendicular magnetization. Then, it is easy to show that σ As a result, σ gives the main contribution to the total AHC in both cases. Therefore, we expect that σ [1, 1, 1] AH studied in the present study represents a major part of the AHC observed in three dimensional compounds.
